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ﬂNPJdHQJKDQRÁH-J)~Q]6DG]RZNr-JKXHTXFI]-Z]0TR0Ì
d1 ∈
[0, 2pi]
QX2JdD
d2 ∈ [0, 20] 
¤QHV)~Q],7lX¦]S-ZH7uH ZNPFNXZNPHJF\ZHQ[^]FKY7~Q]ISUH-J)ZH-[XHZNìXQ[P]©NìRV7~Q],7~\7KR
T
X2JKDF7~Q]ISUH-Js7TH[
[ìXNìRﬂSUHFﬂZ]DuX-R7~Q]kT]R7Q[r
H )~Q]²H ZNPFIX[¶SUH-J)ZH-[YZHQ[P]jFKÌ
max
T
h
«
É
¬
R7¦]S-&ZH6DJKXFNìSÁC@RQ]«
W
¬
XJKDcZ]QTFIN^JdX2[¶SUH-JKDGNrZNPHJKR0Ì
h(t = 0) = h0
v(t = 0) = v0
m(t = 0) = m0
«
Ë
¬
m(t = tf ) = mmin
«Å¼s¬
ﬀ4È
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}M~Q]ÁRsH-[rTN^H-JH§)~QNìREHZNPF6X2[ªSUH-J)ZH-[TH Q[P]jF NìR]`XRZN^[ﬂ]0ZNrdXK[^]XJKDSjXJŁ£]OWHQJKD6NPJ «¶
q
¼
·
]`S
Ë

q
¬ 
]0Z]7~Q]cZHQ[P]jF NPRa7lX2JKRTS-TNd]`DﬂNR)~0XÞXHKRZR/KRZ]QKDGH ¹R7£]S)TX[7FI]-)~QHGD§¶
qÉ0·
ZH£]±SjHJKRZNìR`T]jJs/ﬂNr7~
7~K],TH £H-RZ]DOLÀ
´
XHTH-XS~vO}M~Q]a)TX¦]S-ZH )¥NìRÁDG]SjHFﬂdH<Rs]`DONPJ
N
]j[P]jFI]JlRQª]`XS~OH	&~QNPS~~KXR
np
SUH-[^[PHGSjXZNPHJ£HNPJsTR08²]Z]0#7lX2JKRTS-TNrZNPHJ°Y)~Q]IH TN^F6X2[7SjHJs7TH[gTH K[^]F DG]-KJK]DOC@ÍK«
É
¬-¶C@RQK«
W
¬
X2JdD¥C@R0]«
Ë
\¼¬	£]SUH-FI]R7~K]#WH[P[^HﬂNPJIJQHJK[^NPJQ]XHMZHHlX2FIFIN^J\,TH K[^]FÌ
max
Ts
h
«
ﬀ
½¬
R7¦]S-&ZH87~K]²JQHJQ[PNPJQ]XHX2[]Q\TXNPSBSUHJdR`)TXN^JsTR0Ì
C(hs, vs,ms, ts) = 0
«
ﬀHﬀ
¬
ﬂNr7~KZ]0ZFINPJKX2[SUH-JKR`)TXN^JslR
N^JYC	<R0#«
Ë
Y¼¬-\&~Q]0Z]
hs

vs

ms

Ts

ts
XT]#7~K]©DGNìRZSQZ]QZ]aX2[Q]`RﬂH7RTXT]R0
SUH-Js7TH[1XJKDcZNPFI]khX[rK]RﬂXM)~Q]²JQHGDG]RHv)~Q]#7lX2JdRZSQZNZNPHJRZS~K]jFI]H
}vlX¦]`STH TN^]`RÇXHZ]DGNPRTS-T]-TNr]D£ﬂNR)~
É
]j[P]jFI]JlRQEX2JKD
É
JKHDQ]R,WH I]X-S~0][^]F]Js0}M~K]c£H QJdDQRIHJ
7~K]aXTNPXHQ[^]`RﬂHg)~Q]a)TX¦]STH )H ZNPFNXZNPHJOXT]HÌ@ZH TX2[vZNPFI]
Ttot ∈ [0, 1000] [s] \)~7dR` T ∈ [0, 9 104]
[N ]
ªX2[rZNr7dDG]
h ∈ [0, 2.0 105][m] µ-]j[PHGSUNr` v ∈ [0, 2000] [m/s] £FIX-RZR m ∈ [150, 700] [kg] O}M~Q]NPJQNrZNìX2[
SUH-JKDGNrZNPHJKRV«
Ë
¬¿XT]
x0 = [h0, v0, m0]
T = [0, 0, 700]T
&~QNP[P]&7~Q]ÁSUH-JKR`)TXN^JslR¿HJﬂ)~Q] KJdX2[dSjHJKDQNRTN^H-JKR]«Å¼s¬
XT]
mf = 150kg
}M~Q]BN^JKNRTNPX[µQ]RTRgWH @7~Q]ÁSUH-J)ZH-[K[ìX=H]Q-]Q)©NPJKDGN<NìDKX[dNìR XSUH-JKR`lX2JsD)~7dR`@\ZH K[^]
ﬂNr7~
T = 1kN
+}M~Q]²R7d]`SUNrdSNPF8\Q[PRZ]NPR
Isp = 100s
s&~KN^[P]!7~Q]DG]QZ]0ZFINPJQNPRZNìS!X2[Q]R
H 
CDS
XT]V-Nr-]jJ
Z7~K]#QJKSTN^H-J°Ì
CDS =
(
(d2 − 3 d1) sin(d2) + (d1 − 2)2 + 11
60
+ 0.5
)
0.15
«
ﬀ4W
¬
¤Nrµ
W
«pX¬ER~QHR
X,7~\Z]]DQN^FI]jJdRsNPHJKX[§N^]0H7~Q]
CDS
XRﬂX,QJKS-ZNPHJH7~Q]²DG]`RsNJKXHTXF]QZ]0TR0&~KN^[P]
¤Nrµ
W
«Åµ¬
R~KHR@)~Q]²[P]Q][¶S-)]`RﬂNR)~c)~Q]²F6XGNPF/QF§X2JKD±FIN^JQNPF/KF©X2[Q]RWH
CDS

×ZyzÏ²ÌKÐﬁÎ2Ó#×/ÑmÐ`Î-ÏGÓ#Ï²ÎHÑUÔ£ÑPÓÑ
L
´VÁ
C@À THGSU]`RZRS X-RŁ)QJÇWH 
È
½»-]jJQ]0TXZNPHJKRŁﬂNR)~X»£H Q[ìXTN^H-JH
q
½ﬀNPJKDGN<NìDKX[PR0?¤KH Ł)~QNìR
RZN^FﬂQ[P] T]R SjX-Rs]-H-JQ[H-JQ]&dDQ]j[PNR`6[P]Q-]j[\~dXR	d]]jJ¥SjHJKRZNPDQ]QT]D6X2JdDﬂ7~Q]ÁS~KXlXS-Z]0ZNìR`TNPSMdXlX2FI]-T]QlR¿H§)~Q]
]Q-H[ZNPHJISUH-Js7TH[THGSU]RTRg ]QT]
RZ]-X-RWH[P[^HR0Ì
nt = 10

no = 1
«7~K]X\ZHGNPFIXZ]`D©SUH]Q¢6SjN^]JsDGH]R¿JQH 
ﬀ0Î
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CDS
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|^Î<ÏGÓÒsÑ#û¹ÔªÏdÐ`Ó|PÌQÏ>Ìsû{£ÎHÑ|ÖGÏÜ-Ò-ÕQ|PÒÐªÑ^ÎÑ
d1
ÒGÏÍ{
d2
DG]0d]JKD6HJ8)~Q]H £]QlXTN^H-JKX2[dSUHJdDGNRTN^H-JKR0HEHJQ[ÇH-J87~Q]ÁR~KXHd]¬
ngl = Inf
«ﬂNr7~H-JQ[
ﬀ
dDQ]j[PNR`[^]0][ ¬-ó
ngcyc = 3
ó
dmin,sl = 0.1
«pX2[P[)~Q]NPJlRXT]ﬂJQHZF6X2[PNj]D,TH
[−1, 1] ¬ó dmin,ll = 0.2 +NPJKSU]&)~Q]SjH<]Q¢SUNP]jJs
CDS
NìRÇSjHJKRZNPDQ]QT]D;HJK[rQJKS-ZNPHJAH &7~Q]R~KXHd]g7~Q]c]JQ]QTNPSŁZH
j
H&7~K]¥F6X)ZNr;DKXTXHKXRZ]ŁKRZ]D»ZH
7lX2NPJ)~Q]¡²OÄVÄ NìR
DBtrain,j = [d1, d2]
£}M~K]±NPJQNrZNìX2[X\ZHGNPF6XZ]`D;FIHDQ]j[ﬂH
CDS

XR,QNP[RZﬂNr7~
q
½6RTX2FﬂQ[P]R0dRZ]j[P]S-Z]`DKﬂNR)~)XZlX2JKDGH-FINr]DK¯¤XZNPJF]d]0TSQ£]HO¤KH R7KS~YXRZF6X2[P[4DQXTXdXRZ]H)~Q]©[P]XHZJQNPJ
THGSU]DZ]aWH V7~Q]N^JKNRTNPX[^NXZNPHJYH D7~Q]X\ZHGNPFIXZNPJS²VÄOÄ5 X-RJQH ÁXHQ[^]/ZHcZHd]0Z[OSUH-Js-]Q)]#TH±X
HHGDT]QT]RZ]jJsTXZNPHJ;H&)~Q]
CDS
KJKSTN^H-J°}M~Q]±]QH-[rZNPHJASUH-Js7TH[X-DQDG]DAH7~K]Q
W
¼YRZH[ZNPHJKRc«WHÇX
ZH TX[¿H
È
¼¥FIHGDG][SUH-F8\TXZNPHJKR¬XJKDZHH~s!7~Q]XHTHGN^F6XT]DOFIHGDG][+ZHOSUH-J]Q)]/ZH7~K]ISjH )Z]`S
X2[Q]RÇHO7~Q]
CDS
QJdSZNPHJ'N^J£7~Q]KT]Q-N^H-JKRH N^JsT]QT]R0¿]jJdXQ[PN^J\)~Q]±HZNPFINr]Q,ZH;SUH-Js-]Q)]ZTHF)~Q]
]-£]S-Z]D±H ZNPFIX[¶RsH-[rZNPHJKR0+¤4N\
q
«Xs¬ER7~QHR	7~K]Á[P]Q-]j[¶SQ7-]R H7~Q]XHTHGN^F6XT]D6FIHGDG][¶XM7~Q]²[ìXR
NrZ]QlXTN^H-JuHg7~Q]©C­ ZH -]-)~Q]Q]ﬂNr7~K)~Q]kKJdX2[v£H \Q[PXZNPHJ°M¤Nrµ
q
«Í¬ﬂR~KHR7~Q]kdJKX2[XTHGN^F6XZNPHJcZH
7~K]
Á
XHZ]QZHVZH-J4}M~Q]ﬂR7)KS)T]EH \7~K]
XHTHGN^F6XT]D
CDS
QJKS-ZNPHJN^Jﬂ¤Nrµ
q
«pX¬4NìRX[^FIH<R`NPDQ]jJsZNìSjX[ZH
7~K]&7)Q]ﬂHJK]ﬂN^JŁ¤N\
W
«Í¬¿X2JKD,)~Q]F6XGNPF/QF X2JKDFIN^JKN^F,QF5X[rQ]`R7XT]SUH7T]S-Z[NìDG]jJsZNrK]`D§gêJKDGN<NìDKX[
Best σ2h
NìRJQH V£]Q7W]S-Z[[PHGSjXZ]DOX]7~K]/£H-RZNRTN^H-JOH+7~K]©F6XGNPF/QF§Hg7~K]aQJKS-ZNPHJ°YO7~K]ÇXS~KN^]0]D
X\ZHGNPF6XZNPHJ6NìR
R¢6SjN^]JsTHÇF6XHº]BXSUH7T]S- DG]`SUNìRsNPHJ¥HJŁ)~Q]²DG]RZNJ±RZH[TN^H-JŁﬂNR)~c£]R&d]0WHZF6XJKSU]
X2JdD,ﬂNr7~ﬂ~QNH~K]RDZHKRZJQ]`RZR0}M~Q]&T]j[ìXTNr-]
]Q)ZH£]-` ]j]J/)~Q]O²VÄOÄ#X\ZHGNPF6XZ]`D©FIHGDG][KX2JKD/7~K]&7)Q]
CDS
QJdSZNPHJ>XV7~Q][^HGSXZNPHJdRH D7~Q]ÇN^JdDGNrNìDKX[PRÁH+)~Q],KJKX2[g£H K[PXZNPHJYNìRBR7~QHﬂJYNPJ¤N\
®
ÌﬂNrD)~Q]
NPJQNRTNPX[+²OÄOÄ NìRBSjHJKRZNìDG]QT]D§Í)~Q],T]j[ìXTNr-]]Q)TH O~dXRÁX2JX-]QlX-]khX[rK]©HEFHZ]/7~KXJ
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QJKDG]`D¥]`D]`RQ
d`Jfehg5i
UcoWh)p
´
J»7~K]¥H)~Q]Q,~KX2JdD§¿XYSUH-FFI]0TSjNPX[ESUHGDG]«
Numeca j© ¬-7RsH-[rNPJ¡)~Q]c¸ﬂ]0JQH[ìDQR/²]0TXH]`DÄBX<NP]Q7
sTH º]`RV«(¸]²OÄ!¬E]0sKXZNPHJKR0-NìR	KRs]`DZTH©H TX2NPJS&~dX XHZ]ÁSUH-JKRsNìDG]0Z]`Dﬂ~QNr~ŁdDQ]j[PNR`6RZH[ZNPHJKRENPJŁ7~K]B]JTNrT]
ªKNH~s]Js-]j[PH £]X2JdD6X2[ìRsH#TH©SUH-F8\Z]BN^JQNrZNìX2[£RsH-[rZNPHJKR@&~Q]jJﬂ)~Q]BXJKX2[sZNìSjX2[KFHGDG][£SjH Q[ìDIJQH @d]ÁXK[^NP]D
«WHR\d]0TRZHJQNìSVªKNH~s&Z]0NPF]`R)¬-
}M~Q]ÇSjHFﬂlXTN^H-JKX2[¤DQHF6X2NPJuNPRBDGNPRTS-T]-TNr]DKuXIF/Q[rZNr1K[^HGSºuR`)7KS-7T]DuFI]`R~OF6XDQ]ks
ﬀ0q
K[^HGSºGR
WHW
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ﬂNr7~0JK]X
2.4 106
ZH TX2[ JQHGDG]`RQ»¤QHI]XS~'SUHJ\HlXTN^H-J°7~Q]FI]R7~ANìRS~dX2J-]DAXJKDAXDKXT]D»THF)~Q]
S-\7T]jJs/-]jHFI]Q7);N^JsT]QTJKX2[
RZSQZNTN^JHJ»)~Q]SdXRZNPRÇHDG]`RsNJ£KXlX2FI]-T]QlRQN^JdSU]¥JKH)H H ]Q[PXJQ]
ªKNH~s±SjHJKDGNrZNPHJdR¥XT])SjHJKRZNPDQ]QT]D§ﬂH-JQ[r~KX[R²Hk)~Q]X-S)KX2[ÁDGHF6X2NPJ#NìR¥DGNìRZSQZ]QZNj]`DX2JKD=FIN7TH SQ[PXJQ]
SUH-JKDGNrZNPHJKRﬂXHZ]NPFﬂdH<Rs]`D¥NPJsZH87~Q]²[PHJ\Nr7KDGNPJKX[°Q[ìX2JQ]
}v H¥DGNr±ª]QT]jJsBRZ]-TN^J\-RXHZ]²NPFﬂQ[P]jFI]jJsZ]`DYX2JdDKKRs]`DODTN^J\Z7~Q],THSj]RTRQÌEX¬]¯4X2FINPJKX&WHO¸ﬂ]0<JKH[ìDQR
JQF/£]Q4
Re

< 0.95 105
óX2JKDÇµ¬S¤Q[P[£)7\Q[^]Js«WJKH»7lX2JKRZNrZNPHJ#FIHGDG]j[BNPR±SUHJdRsNìDG]QT]Dµ¬,WH 
Re >
1.05 105

¤QHc~d]0TRZHJKNPSYSjHJKDQNRTN^H-JKRZ)~Q]lXDGNìXTNr-]Y]0sQNP[PNrTNQFðZ]jFﬂ£]QlX)Z]XS)~Q]>JQH-RZ]YNìR¥NPFﬂdH<Rs]`D#HJ
7~K]¥RsH-[^NìDdHQJKDQXHZNP]R0c¸]X2[@-XRZ]R²DKXTXHKXRZ]6NìR²]jJ~dX2JKSj]D>HJ)~Q]ŁKX-RsNìR²HMT]Q£H 7Z]D;XNr©DKXTXWHa~QNH~
Z]Fﬂd]0TX7T]R0¶
q\ﬀ·

ÄHRsH-[rZNPHJKR XT]SUH-FﬂZ]`DZWH
0.95 105 ≤ Re ≤ 1.05 105 NPJ¥H lDG]0DZH,~KX]BX2J¥X]QTHD<JdX2FINPSDQXlXKX-Rs]
XRﬂRZFIHH7~XRM£H-RTRsNQ[P]HÌ¿RZN^JKSj]!7~Q]0Z]NìR
JQH87lX2JKRZNRTN^H-J¥FIHGDG]j[vd]Q`E]]jJ[PXFNPJKXH
XJKDS7)Q[P]jJsMªKHk7~K]jJ
SUH-FﬂTXZNPHJKRBNPJTHŁ)~Q]a)TXJKRsNrZNPHJZ]0NPHJYSUHQ[ìD¡d]ÇFINPRZ[^]`XDGNPJµ!}M~Q]DQXlXŁKX-Rs]/ﬂN^[P[gd]XTHGN^F6XZ]D
ﬀXYRsFIHH)~£²OÄVÄ R7GR`T]jFK X2JKD 7~Q]J7~K]c²OÄVÄ NrTRZ]j[r]ﬂNP[^[MTHNPDG]RZFIHH7~'XTHGN^F6XZNPHJKR#WHa)~Q]
7lX2JdRsNrZNPHJZ]0NPHJ°
ç
y
X
îOõYÒGÏÍ{
X
ØdÎ2ÕÍ±Ò<ÑgÒMÌ\{£ÎÑ
}M~Q]Z)~Q]QTF6X2[DTHT]S-ZNPHJﬀRGRZ]F «Å}
Á
¬²NìRXRTR7QFI]DZH¡£]F6XDG]¥HEk£NrlSUH-JQNQFêÀBNr£H TNìDG]F«
ZrB2
¬
ÆOV}O­VM&~QNPS~Ý~KXRSWH[P[^HﬂNPJ\ZHd]0TN^]`RQÌADG]JKRZNR`ml
6000kg/m3
ÁR£]SjNRdS~Q]Xnl
628JKg−1K−1

SUH-JKDKS-ZNNR`ol
66Wm−1K−1
KXJKD¥]FINPRTRsNNR`pl
0.8

å]cdHQJKD)~Q]¥X2J\[P]6HX7TXSºZHYXOF6XNPF/KF X2[Q]H 
20 deg
~Q]jJdSU]Z)~Q]Ł~QNH~Q]`R`,~Q]Xaª\;NPR
]-£]S-Z]D»ZHF£]±X/7~K]cÆVG\ JQH<Rs]¥SX°}M~sdRQ7~K]S&~QH-[^]JKH-RZ]¥SUH-JQ]NìRF6XDG]±H]ÆOV}O­UﬂNr7~A[P]jJH7~
LTPS
D}M~Q]#Z]`R`ﬂH v7~K]k]Q~KNPSj[^]NìRﬂSUH]0Z]`DZﬂNr7~OX,7~QNPJOR~Q][^[§ﬂNr7~OXISUH-JKRTX2Js7~QNìSºJQ]RTR
H
0.003 m
¶
qW4·
¤QHZ7~Q]DG]RZNr-JÇZHGSj]RTRQ7~K]YSUHJ-]STNr-]K~Q]XŁª\MNPR±SUHFﬂZ]D=NPJ7~Q]RsNPFﬂQ[^]`R`c X	ﬂNr7~Ç)~Q]
X2JdX2[TNPSX2[ÍWH TF/K[PX\¶
qq4·
Ì
q˙conv = Ke
√
ρ∞
Rn
V 3∞
«
ﬀ4Î
¬
&~Q]0Z]
Ke = 1.742 10
−4 «WH O7~Q],~Q]X&ª\ q˙conv
N^J
W/m2
¬&²ROT]QN^HKRZ[rR`lXZ]`D§)~Q]©FINPJQNPFNXZNPHJ
HªF6XGNPF/QFU~Q]X+ª\F]`X2JKR+7~KX[^]`RZRDZH Z]`SZNPJ²F6XT]QTNPX[QSUHQ[PD8£] KRZ]D§sﬂNr7~SUH-JKRZ]0sQ]jJs+T]DKS-ZNPHJ
Wq
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HgQNP[ìDGN^J\ISjH-RTR0
ÕSyáÒMÒÑÑ!ÒMÌ\{£ÎÑ
}M~Q]kTHTX[¤F6XRTRﬂH )~Q]a-]Q~QNìSU[P]²NPRF6XDG]H )~Q]ÇR7)KS-7lX2[¶F6X-RZR
mst
)~Q]©F6X-RZRﬂH )~Q],}
Á

mTPS

X2JdDŁ)~Q]²F6XRTR
H7~Q]kKX[PH-X-D«XNPHJQNìSjR
XJKDS£H ]QR7RZ]FŁ¬
mpl

m = mTPS +mst +mpl
«
ﬀÉ
¬
}M~Q]F6XRTR²H )~Q]ŁKX[PH-X-D)NìRk~Q]0Z]X-RZR7QFI]DZHd]
®
½	q:H7~Q]¥R7)KS-7lX2[7F6X-RZR0v)~Q]QT]-WHZ]
mpl =
0.4mst
a}M~Q]ÇF6X-RZRBHD)~Q]ﬂ}
Á
YNìRÁF6XDG]ÇHD)~Q]ÇF6X-RZRÁH+)~Q]IJQH-RZ]
mnose = ρTPSVn
K[rKRV)~Q]IFIX-RZRBH
7~K]k7~QNPJ)R7ºN^JOSUH-]QTN^J\,)~Q]aT]RHg7~K]a]0~QNPSj[^]
mskin
µ&~Q]QT]
Vn
KNìR&)~Q]aH-[rKF]²H g7~Q]JKH-RZ]©X2JKD
ρTPS
7~K]ÇDG]JKRsNr`uH+)~Q]8}
Á
uF6XZ]0ZNìX2[1O}M~Q]ÇF6XRTRH +7~Q]8}
Á
YR7ºN^J)SjH]0ZNPJ87~Q]8]0~QNìSU[P]H£]-QSU]0O)~Q]©JQH<Rs]
NìRQÌ
mskin = ρTPS STPS dTPS
«
ﬀ4Ë
¬
&~Q]0Z]
dTPS
NPR]7~Q]/7~QNìSºJQ]RTRH +7~Q]8}
Á
»£X2JKD
STPS
NìRBR77XSU]XHZ]`X6]-QSj]Q])~KXÁH+)~Q]©JQH<Rs]µ&~KNPS~
SjXJŁ£]ÁXHTHNPF6XT]D8
STPS = 2SpE +SbE −Sn « SpE XJKD SbE XHZ] 7~Q]VZH TX2[ÍQ[ìX2JWHZF R7X-SU]ÁX2JKD
7~K]XHZ]`X6HD)~Q]8Z]`XOdX7ÁH +7~Q]8ZHQJKDG]`DY]`D], X-]QTNPDG]00µZ]`R£]S-ZN][rªXJKD
Sn
NPRV7~K]R77XSU]ÇH+)~Q]
}
Á
±JQH<Rs]¬
}M~Q]R`)7KS-7T]H °7~K]V-]Q~QNìSU[P]NìR
R\dH<Rs]`DﬂZH8d]ÁF6XDG]BH°TNRlX2JQNQFKﬂNr7~±XÇDG]jJdRsNr`6H
®®
½½
kg/m3

}M~Q]R7)KS)lX2[ªF6XRTR
mst
QSX2Jd]²HTXN^JK]DcZH-FKÌ
mst = ρ r ody(2SpE + SbE)dbody
«
ﬀ
¼¬
&~Q]0Z]GN^J7~KNPRSXRZ]H
dbody
læ½\ ½½
È
F NìR7~Q]#)~QNìSº<JK]RTR
H7~Q]R7)KS)T]ÁH v)~Q]k]0~QNPSj[^]QRs]]jJOXRﬂXIR7~Q]j[P[1
W
®
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éOyáÕ,Ô£ÏdÒGÍc|ìÐ8éts£ÔdÒ-Ó|PÌQÏµÑ
}M~Q]a-]Q~QNìSU[P]²NPRSUHJdRsNìDG]QT]DSZHSd]Xﬂ£HNPJsF6XRTRQ&~KH-RZ]²FH ZNPHJuNìR&H-]QTJQ]DSsS7~Q]aWH[P[^HﬂNPJ6Rs]QH
DJKXFNìSÁ]0sKXZNPHJKR0¶
q ® ·
Ì
r˙ = vsinθp
λ˙ =
vcosθpcosξ
rcosφ
φ˙ =
vcosθpsinξ
r
v˙ = −D(α)
m
− gsinθp
θ˙p =
L(α)
mv
cosγv − (g
v
− v
r
)cosθp
ξ˙ =
L(α)
mvcosθ
sinγv − v
r
cos θp cos ξ tanφ
«
W
½¬
&~Q]0Z]
r
NìR7~Q]ﬂJKH TF¸HÍ7~Q]M£H-RZNRTN^H-J,-]STH gﬂNr7~8Z]`R£]S-TH!7~Q]ﬂSU]JsZ]Q¿H \)~Q]MQ[PXJQ]-4
λ
NìR7~Q]ﬂ[PHJ\Nr7KDG]
φ
)~Q]I[PXZNr7KDG]
v
7~Q]IF6X-JQNr7KDG]H	7~Q]ﬂ-]j[PHSjNR`
θp
NPR!)~Q]8ªKNr~s!KX7~;X2J-[^]
ξ
NìR!7~Q]ﬂ~Q]`XDGNPJ±XJ[P]
«XHjNPF/)~HY)~Q]V-]j[PHGSUNr`¬-ÄHH EH°K[PXJQ] F6X2JQ]0]0TR XT]SUH-JKRsNìDG]0Z]`D§)~sdRD)~Q]OKXJºIX2J-[^]
γv
NPR	º]0
]0sKX[YZHﬂj]0ZH6D\ZNPJ87~Q]k&~KH[P]V)TX¦]S-ZH )H
ìMyzäﬂõu? âkÓdÓ|fÍ|ã`Ò<Ó|PÌGÏõQÎÓ7Ú`ä8Ó
²R8WH,)~Q]Z]0N^HKRaT]RSjXRZ]Hg)~Q]uH T]QIF/K[RTNR¹H ¦]`STNr-]¥]Q-H[ZNPHJdX)THGSU]`DT]¥F6X2JKXH]`Ra)~Q]
KXHTXF]QZ]0TRDQ]-KJQNPJS7~Q]R~KXHd]ÇHg7~K]/]0~QNìSU[P]ÇX2JdDOSUHJdRsNìDG]QlRX-RH¦]S-ZN]RBX2JKDOSjHJKR7lX2NPJsTR]7~Q]ÇF]`X2J
X2JdD XTNPXJKSU]Ha)~Q]hX[rK]RH/£]Q7WH TF6X2JKSj])NPJKDG]Q]`RH©NPJQJQ]0HZNPF6X2[²SUH-Js7TH[O\ZHGSU]`RZRZ]R0
´
J )~Q]
H)~Q]QV~KX2JdD§dJKH)~Q]©HZNPF6X2[SUHJs)ZH-[vTH Q[P]jF§NìRRZH[]D`ﬂNìSU]\µTR]ZH¥FNPJQNPFINr]a7~K]©F6XGNPF/QF ~Q]`X
ª\§
maxt q˙
X2JKD,)~Q]jJﬂTHF6XGN^FINj]M)~Q]H 77~KHDZH-FNìSﬂDGNìR`lX2JKSj]H
Dist
LO]XJ6X2JKDﬂXTNìX2JKSj] H Y7~Q]`Rs]M` H
£]Q7WH TFIXJKSU] NPJKDG]-G]`R7XT]@)~Q]jJSjHFﬂT]D/WH[P[^HﬂNPJ!7~K]&ZHGSj]DT]ﬂDG]RTS-TNd]`D©NPJŁ]SH7Ù!g}M~Q]ﬂH ZNPFIX[
SUH-Js7TH[R1TH K[^]FSjHJKRZNPDQ]QTN^JÁDG]-T]QTFIN^JQNìRZNìSEFIHGDG][PR0N]`R4DG]QZ]0ZFINPJQNPRZNìS	hX[rK]RH)~Q]Md]0WHZF6XJKSU]
NPJKDG]-G]`RQ
maxt q˙
X2JKD
Dist
-X-R¿X!QJKSTN^H-J6HÍ7~Q]H TN^F6X2[
α
THK[P]HgH ]Q-]Q42XJsKF/£]Q7H £][^]F]JsTR7SX2J
£]SUH-JKRsNìDG]0Z]`D,KJKSU]0lX2NPJ°<R7KS~X-Rg7~Q]BX2]QTHGDJKX2FINìSWH lSU]`R7X2JKD8)~Q]F6XRTR0}M~Q]0Z]QWH T]H-HJQ]SX2JXRTRZHSjNPXZ]
ZH8)~Q]²JQHFINPJKX2[vhX[rK]ÁH [PNr
Ldet
XJKDuDlX
Ddet
7~Q]kQJdSU]Q7TXN^JKsKX2JsTNRTN^]`RQÌ
Lunc = Ldet +Err(α, v, h)CE (α, v, h)Ldet
Dunc = Ddet +Err(α, v, h)CE (α, v, h)Ddet
«
Wﬀ
¬
&~Q]0Z]V7~Q]Á]Q)TH DKJKSTN^H-J
Err
DQ]Q£]jJKDQR H-JŁ7~K]ÁXJ[P]BH 4X7TX-SºÍ7~K]R7£]j]D±X2JKDŁ7~Q]X2[rZNr7dDG]
h
GX2JdDZ7~K]
WHÈ
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RTX2FﬂQ[PN^JOQJKS-ZNPHJ
CE
F6XKRX&)ZNQ[P]-H\X[rQ]`RHKX2J\[P]R4HdXTX-SºYhR7£]j]DÇX2JKDÇX2[rZNr7KDQ]ENPJsZHV7~Q] N^JsT]Q)hX[
[−1, 1] ]²BRNrV
XRDQHJQ]NPJ]`S]7µ7~Q],QJKSj]Q7TX2NPJsZNP]RN^J¡)~Q]ÇX]QTHGDJKX2FINìSFHGDG][4XHZ]©X-RZR7QFI]DTHŁ£]
NPJKS-T]X-RsNPJKﬂNR)~AX2J-[^]IH ﬂXlXSºY4R7d]]D§X2JdD>X[RTNR)KDG]v)~sdR
Err
NPR FIHGDG][^]`D XR²Xu[PN^JQ]`X
q
À R7X-SU]
ﬂNr7~¡X2[Q]R&7~KXOX)ŁTHF
0.2
&~Q]jJYXJ[P]H7X7TX-SºÍdR£]j]`DXJKDOX2[rZNr7dDG]©XT]
= 0
TH
0.8
&~Q]J7~Q]
NPJKSUNìDG]jJdSU]²NìR
= 20 deg
7~Q]R7£]j]DNìR
= 8000 m/s
X2JKDS7~K]X2[rZNr7KDG]²NìR
105 m
Ì
Err = 0.01α+ 2.5 10−5 v + 2 10−6 h+ 0.2
«
WHW
¬
}M~Q]
CE
QJdSZNPHJdR²NPRÇX<X2NPJKN^[rX-R²XYSUH-F/QNPJKXTN^H-JH RQ[PNPJQ]RkﬂNr7~ﬀ]4sQNPDQNPRTXJJKHDQ]R0cêJ)~QNPRÇSjX-Rs]
7~K]jNR~dX£]ÁNìRMN]JcYÌ
CE = Spα(α, sα) Sph(h, sh) Spv(v, sv)
«
WHq
¬
&~Q]0Z]
Spα(α, sα)

Sph(h, sh)
X2JdD
Spv(v, sv)
XHZ]g)~Q]R7Q[^NPJQ]`R§WH X2J-[^]¿H QXlXSºYhX2[rZNr7KDG]EX2JKD#-]j[PHSjNR`
T]R7d]`SZN][r}M~K]MZHlX2[dFIX-RZRNìRSjHJKRZNìDG]QT]D,QJKSj]Q7TX2NPJ6XR+ ]j[P[1-X2JdDINRNìR7X-RZR7QFI]D,7~dX
m
SjX2JﬂQJKNRWHZFI[
X)YNPJ)~Q]ZlX2J-] ±0.1 H7~Q]ZT]-W]0Z]JKSU]8X2[Q]HŁ}M~Q]J°v-Nr-]jJ;XJQHFINPJKX2[+)TX¦]S-ZH )KﬂNR)~AX2J>H TN^F6X[
SUH-Js7TH[§THK[P]
α∗

Ns
XTN^]`D )TX¦]S-ZH TNP]RﬂXT]#TH KXH-XT]D§QXJKD7~K]FI]X2JOXJKDc7~Q]aXHZNìX2JKSj]H
maxt q˙
X2JdD
Dist
XHZ]SUH-FﬂZ]`DcZH-F 7~Q]
Ns
hX[rK]R
H
maxt q˙
X2JdD
Dist
QHJK]VWHﬂ]X-S~ XTNP]D )TX¦]S-ZH )H
AŁyöõÍØdÒÓÎâ#Ó£Ó|fÍc|ãhÒ<Ó|PÌQÏ
bﬂHJQ]SX2[P[PR
Eq,1
X2JdD
σ2q,1
7~Q]6FI]XJhX[rK]X2JKDXTNPXJKSU]IH  F6XGNPF/QFê~Q]Xkª\§X2JKD
ED,1
X2JKD
σ2D,1
)~Q]IFI]X2JX2[Q]XJKDFXHZNìX2JKSj]©H @7~K]ÇH)~QHGDZH-FINPSÇDGNPRTXJKSU]IXT]Q!7~K],µTRSjHJs7TH[H ZNPFNXZNPHJ
«SjHJKRZNìDG]QTN^J\»7~Q];F6XGNPF/QFá~Q]`Xcª\XR±H ¦]STNr-]FTH'FINPJQN^FINj]¬BXJKD
Eq,2

ED,2

σ2q,2

σ2D,2
)~Q]
SUH7T]R7£HJKDGNPJX2[Q]RXZ]0k7~Q]±Rs]`SUHJdDSjHJs7TH[¿HZNPFINr`XZNPHJÃ«pSUHJdRsNìDG]QTNPJ7~Q]H)~QHGDTHFINPSIDGNìRTX2JdSU]
XR
H¦]S-ZN]!ZHIF6XGNPFINr]4¬7~Q]Jc)~Q]²]-T]QTJKX2[YTHGSU]RTR
NìRﬂRs]QXR0Ì
min
d∈D
[Eq,1, −ED,2, σ2q,1 + σ2q,2]
«
W
®
¬
R7¦]S-&ZH87~K]#WH[P[^HﬂNPJ6SUH-JKR`)TXN^JslRQÌ
Eq,1 ≤ E¯q
(σ2q,1 + σ
2
q,2) ≤ σ¯2q
«
WÈ
¬
WÎ
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&~QNP[^]ﬂ)~Q]DG]`RsNJ]`SZH
d
NPRDQ]-KJQ]`D;XR
d = [l, w, n, θ, Rn,∆q˙]
«)~Q]FI]XJQN^J\H 
∆q˙
NìR]-Q[ìX2NPJQ]`D)NPJ
7~K]±JQ]QIRZ]S-ZNPHJµ¬-ÄHT]S)~KX4XR,T]QN^HKRZ[r>FI]jJsZNPHJQ]`D§+)~Q]±]QZ]QTJKX[EHZNPFINr]QJQ]j]`DQR,ZHEH7º>HJ
H ¦]STNr-]RT]QT]RZ]jJsZNPJ,7~Q]k£]R]£]Q7WH TFIXJKSU]H v7~K]R~KXHd]WH &£H)~ODGNR±ª]QT]jJsSjX-Rs]`RQ
}M~Q]EDQ]RZNr-JR7KX-SU]+WH°TH Q[P]jF¡«
W ®

WHÈ
¬£NPR4DG]-KJK]D#O)~Q]DWH-[^[PHﬂNPJ&dHQJKDQR¤HJ#)~Q]EDG]`RsNJ#KXHTXFI]-Z]0TR0Ì
7~K]BJQH-FIN^JKX[ª[^]J)~
l ∈ [2.9, 4.2][m] 7~K]BJQH-FIN^JKX[µﬂNìD)~ w ∈ [1.0, 2.0][m] 7~K]B]Q£HJK]jJs n ∈ [0.2, 0.7] 
7~K]
XJ[P]
θ ∈ [7, 11][deg] 47~Q]&lXDGNKRHµ7~Q]
JQH<Rs] Rn ∈ [0.01, 0.04][m] 07~Q]SjHJKR7lX2NPJsH-Ja)~Q]ﬂF6XGN^F,QF
~Q]`X&ª\cWH M)~Q]©RZ]SUH-JKDSUHJs)ZH-[£[ìXºH TN^FINXTN^H-J
∆q˙ ∈ [20, 70][W/cm2] 	}M~Q]X2J-[^] β £XRﬂDG]QKJQ]`D±NPJ
]`Sﬂê\²a4NPR#º-]Q#G]`DFTH
12deg
LYH T]jH]00Í~Q]0Z]
LTPS
NPR²JKHSUH-JKRsNìDG]0Z]`D)XR²XDG]`RsNJKXlX2FI]QZ]Q4
X2JdD)NrTRkX[rQ]6NìR²RZ]-©XR
10%
H 	)~Q]6]-±ª]S-ZN]I[^]J)~;H7~Q]Z-]Q~QNìSU[P]HZ}M~Q]SjHJKR7lX2NPJsTRÁHJ7~Q]¥]-Z]0ZJKX[
THGSU]RTR
XT]HÌ
E¯q
l
ﬀ0Ë
½X2JdD
σ¯2q
l
ﬀ
½½H½
vcy X ÕUÒHÛTÎ-ÐÓlÌÕ-Ô»â#Ó£Ó|fÍ|ãhÒ-Ó|PÌQÏ
¤QH,)~Q]c7lX¦]S-ZH7>H TN^FINXZNPHJ£\ZHQ[^]FK+7~Q]uSUH-Js7TH[hXHZNìXK[^]NìR,7~Q]OXJ[P]¥H BX7TXSº
α
}v H
SUH-Js7TH[ª[PXRﬂXHZ]SUH-FﬂZ]`DuXR7~K]kZ]`RQ[rﬂH7~Q]#` HH TN^F6X2[4SUHJs)ZH-[ªR7\ZHQ[^]F6RQÌ
min
α
(
max
t
q˙
)
and max
α
Dist
«
WÎ
¬
dH 7~OR7¦]S-&ZHDJKXFINPSÁ]0sKXZNPHJKR#«
W
½¬
XJKDSZ]QTFIN^JdX2[¶SUH-JKDGNrZNPHJKR0Ì
r(t = 0) = r0
λ(t = 0) = λ0
φ(t = 0) = φ0
v(t = 0) = v0
θp(t = 0) = θ0
ξ(t = 0) = ξ0
«
WsÉ
¬
r(t = tf ) ≤ rf
r(t = tf ) ≥ rmin
v(t = tf ) ≤ vf
v(t = tf ) ≥ vmin
«
WHË
¬
WÉ
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²RDWH @THGSº]Q¿X-RZSj]jJsESXRZ]H)~Q]RZ] TH Q[P]jF6R7XHZ]M)TXJKRTS-TNr£]D8ﬂNr7~¥XaÞXHKRZR@KRZ]QKDGH ¹R7£]S)TX[GFI]-7~KHD°
X2JdD¥XT]QM)TXJKRZSQZNTN^H-J°H)~Q]H TN^F6X[ªSjHJs7TH[YTH K[^]FIR DG]QKJQ]DcC@R0M«
W
½s¬XJKD«
WÎ

WsÉ

WË
¬D£]SjHFI]
7~K]#WH[P[^HﬂNPJ8]jJK]QlX2[JQH-JQ[^NPJQ]`XMTH HlX2FIFINPJ/TH K[^]FÌ
min
αs
(
max
t
q˙
)
and max
αs
Dist
«
W
¼s¬
R7¦]S-&ZH87~K]²JQHJQ[PNPJQ]XHX2[]Q\TXNPSBSUHJdR`)TXN^JsTR0Ì
C(rs, λs, vs, ξs, θs, αs, ts) = 0
«
q
½s¬
X2JdD¡7~K],T]QTFIN^JKX[¿SUHJdR`)TXN^JsTR8«
WsÉ

WHË
¬§&~K]QT]
rs

λs

φs

vs

ξs

θs

αs

ts
XT]a)~Q]6DGNPRTS-T]-T],X[rQ]`R
Hg)~Q]aTN^FI]HªRTXT]RBX2JKDOSjHJs7TH[°X[rQ]`RXO7~K]JQHGDG]RH+)~Q]k7lX2JdRZSQZNZNPHJYRTS~Q]F]MêJYH lDG]Q]ZHHTXN^J
W]X-RsNQ[P]RZH[ZNPHJKR+7~KXESjXJZd]NPJsZ]0HlXZ]`D§-XJ6N^JK]0sKX2[PNr`ÇSUH-JKR7lX2NPJ7H-Jﬂ7~Q]OhXHZNìXTN^H-JIHY7~Q]ÁSUH-J)ZH-[G[PX
NìRﬂX2[ìRsHINPF8£H-RZ]D°ÌgWH ﬂ]X-S~±JKHDQ]V)~Q]RZ[^Hd]H7~K]SUHJs)ZH-[£[ìX ≤ ∆α 
ÄH Z]a)~KXO7~Q]Rs]`SUHJdDuH TN^FINXTN^H-J¡TH Q[P]jF¨TXHº]RN^JsZH±XSjSjH QJsXJYXDQDGNrZNPHJdX2[4SjHJKR7lX2NPJsHJK)~Q]
F6XGNPF/QF5~Q]XDª\§H&~KNPS~R7~QH K[PD8£] ≤ (q˙max,1 +∆q˙) s&~Q]0Z] q˙max,1 NìRg)~Q]DG]QZ]QTFIN^JKNPRZNìS&X2[Q]H µ)~Q]
F6XGNPF/QFÂ~K]X#ª\T]R7Q[RTN^J\cTHFÂ7~Q]ZT]QNPH KRSjHJs7TH[[ìXÉH ZNPFNXZNPHJ°4X2JKD
∆q˙
NìR²XhXHZNìXK[^]IH
7~K]!\ZHQ[^]FK<F6XJKX-]DŁﬂ)~Q]]-Z]0ZJKX[ª]QH-[rZNPHJKXH78THSj]RTRQ+}M~Q]!T]-¹]jJs7)8ZNPF]²NìR	Z]]ÁXJKD±JQHÇH 7~Q]0
Z]0ZFINPJKX2[¶SjHJKDQNRTN^H-JKRﬂXT]N^Fﬂ£H-RZ]DXR7~K]QT]²NPR
JQH6R7d]`SUNrdS#T]0sQNZ]F]Js
H-JS)~Q]²[ìX2JKDGNPJﬂ£HNPJ4
}M~Q]c7lX¦]S-ZHZNP]RÇXT]±DGNìRZSQZ]QZNj]`DﬂNr7~
Î
]j[P]jFI]jJslRQXJKD
ﬀW
JQHGDG]`RÇXHZ]SUH-JKRsNìDG]0Z]`DWH ,7~Q]c\lR`
q
]j[P]jFI]JlR&«THF R`lX7ZNPJV£HNPJs+ZH#~KX[RªHÍ7~Q]M)TX¦]S-ZH )#KX)~µ¬&~Q]QT]
F6XGN^F,QF?X[rQ]`RHµ7~Q]&~Q]`X+ª\
X2JdDF6X¦Hv)TX¦]STH )H-RTSUNP[^[ìXTN^H-JKR4XHZ]E]-£]ST]D§H&~QN^[P]
È
JQHGDG]`RXT] SjHJKRZNPDQ]QT]D#WHv)~Q]
H7~K]Q
q
][^]FI]jJsTR0
}M~Q]Ł£H KJKDQRH-J7~Q]ShXHZNìXK[^]`R²HM7~K]Z7lX¦]`SZH7)H TN^FINXTN^H-JAXT]HÌkTHlX2[DTN^FI]
Ttot ∈ [500, 6500] [s] 
X2J\[P]ÁH XlXSº
α ∈ [0, 20] [deg] lXDQNrKR r ∈ [6.380 106, 6.480 106][m] K[^H-JNr7KDQ] λ ∈ [−180, 21] [deg] 
[ìXZNr7dDG]
φ ∈ [−90, 68] [deg] 
R7d]]D v ∈ [100, 104] [m/s] 	ªKNr~sŁKX)~MXJ[P] θp ∈ [−80, 10] [deg] 
~Q]`XDGNPJ6X2J-[^]
ξ ∈ [−225,−90] [deg] 
}M~Q]N^JQNrZNìX2[¿SjHJKDGNrZNPHJdR,«
WÉ
¬XT]
x0 = [RE + 10
5, 21, 68, 7700, −0.3, −145]T §&~K]QT] RE NìR])~Q]
FI]XJlXDGNKRH 	)~Q]6CX77~vv&~QNP[^]ﬂ)~Q]SUH-JKR7lX2NPJlRÁHJ7~Q]ﬂKJdX2[SjHJKDGNrZNPHJdR²XT]
rf = RE w
È
½½H½H½¥FK
rmin = RE w
ﬀÈ
½½H½FK
vf =
ﬀﬀ
½½IFyx2RQ
vmin =
¼H½½6FzxR0µ&~QNP[P]a7~K]ÇRZ[^Hd]H +7~Q]ISUH-Js7TH[¶[ìXÆNPR
∆α
l
ﬀ
x
ﬀ
½DQ]Q{x2RQg}M~Q]BN^JQNrZNìX2[YQ]RTRH §7~Q]SUH-Js7TH[K[ìXÇWH  ]Q-]Q)ÇNPJKDGNNPDKX2[Y~KX-D
ﬀ0Ë
deg
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